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Abstract.We perform a principal component analysis to assess ability of future observations
to measure departures from General Relativity in predictions of the Poisson and anisotropy
equations on linear scales. In particular, we focus on how the measurements of redshift-
space distortions (RSD) observed from spectroscopic galaxy redshift surveys will improve the
constraints when combined with lensing tomographic surveys. Assuming a Euclid-like galaxy
imaging and redshift survey, we find that adding the 3D information decreases the statistical
uncertainty by a factor between 3 and 10 compared to the case when only observables from
lensing tomographic surveys are used. We also find that the number of well-constrained
modes increases by a factor between 3 and 7. Our study indicates the importance of joint
galaxy imaging and redshift surveys such as SuMIRe and Euclid to give more stringent tests
of the ΛCDM model and to distinguish between various modified gravity and dark energy
models.
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1 Introduction
Finding the origin of the accelerated cosmic expansion discovered by the distance measure-
ments using Type Ia supernovae (SNe) [1, 2] is a major goal in modern cosmology. The current
standard model, Λ Cold Dark Matter (ΛCDM), in which dark matter and dark energy (DE)
comprise 96% of the total energy in the universe, can explain the cosmic acceleration and is
also supported by other observations, such as cosmic microwave background (CMB) [3] and
galaxy distribution [4]. Various DE models such as quintessence [5], and K-essence [6], have
been proposed; however, we do not have direct evidence of the existence of DE. An alter-
native way to explain the accelerating expansion is modified gravity (MG) in which general
relativity (GR) is modified on cosmological scales, as in the tensor-vector-scalar theory of
gravity[7], Dvali-Gabadadze-Porrati model [8], MOND[9], Einstein-Aether theory [10], f(R)
model [11, 12], or Galileon gravity [13] (see [14] for a review).
A promising way to distinguish DE from MG models is observing the galaxy distribution
and weak lensing in detail in order to track the evolution of matter density fluctuation and the
perturbations associated with the metric. Perturbative approaches and numerical simulations
have been used to study evolution of cosmological perturbations in MG [15–18]. One can
constrain the properties of dark energy and various MG models by comparing predictions
of theoretical models with various ongoing and planned galaxy redshift and lensing surveys
such as Dark Energy Survey (DES) [19], Baryon Oscillation Spectroscopic Survey (BOSS)
[20], Large Synoptic Survey Telescope (LSST) [21], Subaru Measurement of Images and
Redshift (SuMIRe) [22], BigBOSS [23, 24], Hobby-Eberly Telescope Dark Energy Experiment
(HETDEX) [25], and Euclid [26].
One approach to studying MG is to constrain parameters describing each MG model
from observations. However, such model-dependent methods only constrain a finite range
of possibilities, and cannot anticipate all types of deviations from GR. Another approach
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is to constrain departures from GR in a model-independent way, i.e. to parametrize the
Poisson and anisotropy equations describing the relation between metric perturbations and
the stress-energy tensor by two functions µ and γ, respectively, that depend on k and z
[27, 28] (this parametrization is equivalent to G˜eff -η in [29] and Q-η in [30]; see refs. [31–
35] for alternative approaches). Such a parametrization can be applied to a broad class
of MG models, including the f(R) and DGP models. (Unclustered) DE scenarios based
on GR, including the ΛCDM model, satisfy the condition of µ = γ = 1 and thereby any
significant detection of the departure from unity would falsify ΛCDM and a broad class
of DE models. It is difficult, however, to constrain two arbitrary functions of two variables,
µ(k, z) and γ(k, z), although there were several works in which they were partially constrained
by current observations after assuming some functional forms [36–38]. Principal Component
Analysis (PCA) provides an efficient way to compress the parameter space and forecast the
well-constrained independent modes for different types of observations [39–41]. A broad class
of MG models can be described by some linear combinations of the eigenmodes, and thus the
uncertainties in the eigenmodes can be translated into forecasted constraints on parameters
in specific MG models.
We perform a PCA of µ(k, z) and γ(k, z) for lensing tomographic surveys combined with
galaxy redshift surveys. Several joint galaxy imaging and redshift surveys, such as SuMIRe
and Euclid, are planned. Here we perform a Fisher analysis to compute the eigenmodes of
µ and γ in (k, z) space assuming an Euclid-like survey. We study features of the principal
component modes and forecast their associated errors. In [39, 40], a PCA was performed for
the upcoming lensing surveys, such as DES and LSST, combined with Planck and Type Ia
SNe dataset. In this paper, we demonstrate quantitatively and qualitatively the improvement
by adding the spectroscopic galaxy redshift survey.
This paper is organized as follows. In section 2, we introduce the MG parameters and
the PCA. In section 3, we explain the observables derived from lensing and redshift-space
galaxy clustering and describe the experiments assumed in our forecasts and how to perform
the Fisher analysis. In section 4, we show the results of the PCA, focusing specially on
how the information of the spectroscopic galaxy redshift survey improves the constraints on
the parameters. We discuss our results in section 5. Section 6 is devoted to summary and
conclusions.
2 Formalism
2.1 Parameterization of Modified Gravity
We study the linear evolution of the matter density fluctuation and metric perturbations
around the flat Friedmann-Robertson-Walker metric in the Newtonian gauge. The line ele-
ment is given by
ds2 = a(τ)2[−(1 + 2Ψ)dτ2 + (1− 2Φ)dx2], (2.1)
where Ψ and Φ are, respectively, the gravitational potential and curvature perturbation,
and τ is the conformal time. In Fourier space, the linearly perturbed energy-momentum
conservation equations for matter are given by
δ˙ + θ − 3Φ˙ = 0, (2.2)
θ˙ +Hθ − k2Ψ = 0, (2.3)
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where δ ≡ δρ/ρ is the matter density contrast, θ ≡ ikava is the divergence of the velocity
field, the dot indicates differentiation with respect to conformal time τ , and H ≡ a−1da/dτ .
We need two additional equations to solve for the behavior of the four perturbation variables:
δ, θ, Ψ, and Φ. In GR, Einstein’s equations set the relation between the matter density and
the gravitational potential:
k2Ψ = −4πa2Gρ∆, (2.4)
where ∆ is the comoving density perturbation, ∆ = δ + 3Hθ/k2, and the relation between
the two metric perturbations:
k2(Φ −Ψ) = 12πa2G(ρ+ P )σ, (2.5)
where σ is the anisotropic stress. In the ΛCDM model, the anisotropic stress of the matter
is negligible during matter dominated era, and thus Φ = Ψ. In MG, the relations among
matter density and the two metric perturbations can be different from eqs. (2.4) and (2.5).
We characterize MG by modifying these relations as follows:
k2Ψ = −4πa2Gµ(k, z)ρ∆, (2.6)
Φ
Ψ
= γ(k, z), (2.7)
where µ and γ are unity for all k and z in GR. So, deviations of (µ, γ) from unity would
indicate a deviation from ΛCDM. From eqs. (2.2), (2.3) and (2.6), we get the linear evolution
equation of the matter density contrast on sub-horizon scales
δ¨ +Hδ˙ − 4πa2Gµ(k, z)ρδ = 0, (2.8)
where the contribution of Φ˙ is small enough to ignore when H/k ≪ 1. In GR (µ = 1), the
growing mode solution of eq. (2.8) in the matter dominated era is given by
D ∝ H
a
∫ a
0
da
H3 , (2.9)
where D is called the linear growth factor and is independent of scale. In MG, D generally
has a different dependence of k and z. It follows from our parametrization that the relation
between the lensing potential Φ + Ψ and the matter density is given by
k2(Φ + Ψ) = −8πa2GΣ(k, z)ρ∆, (2.10)
where Σ = µ(1 + γ)/2.
Lensing tomography is sensitive to the change of lensing potential, which is proportional
to Σ. On the other hand, large-scale anisotropy of galaxy clustering due to the bulk motion
of galaxies included in the observed galaxy power spectra in the redshift-space, i.e., redshift-
space distortions (RSD) [42] , provides a powerful tool to constrain µ. Hence, combining
RSD measurements with the lensing tomography can reduce the degeneracy between µ and
γ [43, 44].
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2.2 Principal Component Analysis
The parameter space of µ(k, z) and γ(k, z) is broad, with correlations between their values
at different k and z. We perform a PCA to de-correlate the parameters and to extract the
independent modes that are well constrained by observations. We do not assume any specific
functional forms of µ(k, z) and γ(k, z), and instead pixelise them into a m × n number of
pixels in the (k, z) space. Both µ and γ are linearly equally divided into m = 15 bins in k
between 0 ≤ k[h/Mpc] ≤ 0.3, where the non-linearity is mildly small. 1 For any given k,
we have n = 15 bins uniform in redshift in the range of 0 ≤ z ≤ 3, which gives us sufficient
resolution to study the degeneracy between µ and γ using a set of experiments considered in
this work. We fix µ = γ = 1 if z > 3 simply because the experiments we shall use in the work
do not have tomographic information at those redshifts, making it impossible to investigate
the variation of µ or γ at such high redshifts. Note, however, a change in the total growth
from early universe to z = 3 does have an effect to the low-z growth pattern, and this was
studied in details in [39, 40]. We do not consider this effect in this work for simplicity. Given
the above mentioned pixelisation for both µ and γ, we then study the 2m × n-dimensional
parameter space of µ and γ.
We characterize the cosmic expansion history and initial conditions of the universe
based on the ΛCDM model with the standard set of six cosmological parameters with Planck
priors. We take Planck’s best-fit model as the fiducial model [45]: the baryon density
Ωbh
2 = 0.022161, the CDM density Ωch
2 = 0.11889, Hubble parameter H0 = 100h =
67.77[km/s/Mpc], the optical depth τ = 0.0952, the scalar spectral index ns = 0.9611, and
the amplitude of scalar perturbation log(1010As) = 3.0973 at k0 = 0.05[Mpc
−1]. We assume
that the universe is flat, and ΩΛ = 1− (Ωc +Ωb). The dark energy equation-of-state param-
eter w is fixed to be −1. We also consider the galaxy linear bias bi in each tomographic and
spectroscopic redshift bin (the binning is described in section 3) as free parameters with the
fiducial values set as b(z) =
√
1 + z, as used in [46]. The total number of the parameters
that we consider is 2mn + 6 +Nb where Nb denotes the number of the galaxy biases of the
galaxy number count and the galaxy power spectra.
In order to know the expected constraint on each parameter and the degeneracy among
different parameters from future surveys, we calculate the covariance matrix given by
Cij ≡ 〈(pi − p¯i)(pj − p¯j)〉, (2.11)
where p¯i are the fiducial value of i-th parameter. Because the MG parameters are correlated
with each other, it is difficult to constrain all of the parameters individually. Thus, we
perform the PCA to obtain the uncorrelated parameter combinations (i.e. the eigenmodes)
of µ(k, z) and γ(k, z). Bounds on these eigenmodes can be used to forecast constraints on
all kinds of MG model. The eigenmodes of µ(k, z) and γ(k, z) are obtained by diagonalizing
the covariance matrix associated with µ and γ:
C =WTΛW, (2.12)
Λij = λiδij , (2.13)
W = (w1,w2, · · · ,wn). (2.14)
1Note that our binning in k is different from the previous works of [39, 40], where the k-binning is log-
arithmically uniform on very large scales to test whether CMB can constrain any k-modes. Since our main
interest in this work is on sub-horizon scales, we simply set the binning linearly equal on all range of k.
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Each eigenmode wi represents the independent modes in (k, z) space and the expected error
σi of each eigenmode is given by the square root of the eigenvalue λi. The smaller the
eigenvalue means that the corresponding eigenmode is better constrained from the assumed
survey.
We can also obtain the covariance matrix of Σ from the covariance matrix of µ and γ
[40]
CΣiΣj =
1
4
[µiµjCγiγj + (1 + γi)(1 + γj)Cµiµj + (1 + γi)µjCµiγj + µi(1 + γj)Cγiµj ]. (2.15)
We also perform a PCA of Σ in this work.
3 Observables
3.1 Measurements
We forecast the constraints on MG parameters from lensing tomography and galaxy redshift
surveys combined with CMB temperature and polarization maps.
Lensing tomographic surveys provide measurements of the weak lensing shear (WL),
the angular galaxy-galaxy auto-correlation or galaxy number counts (GC), and their cross-
correlation known as galaxy-galaxy lensing. The auto- and cross-correlation functions in the
angular space can be written as CXY (θ) ≡ 〈X(nˆ1)Y (nˆ2)〉, where X and Y denote the lensing,
density fluctuation and CMB temperature and polarization fields. The correlation functions
can be further be expanded into the Legendre series:
CXY (θ) =
∞∑
ℓ=0
2ℓ+ 1
4π
CXYℓ Pℓ(cos θ), (3.1)
where CXYℓ is the angular power spectrum, and can be rewritten in the flat universe as
CXYℓ = 4π
∫
dk
k
∆2RI
X
ℓ (k)I
Y
ℓ (k), (3.2)
where ∆2
R
is the primordial curvature power spectrum, and Iℓ(k) are the transfer functions
defined as
IXℓ (k) =
∫ z∗
0
dzWX(z)jℓ[kr(z)]X˜ (k, z), (3.3)
where the redshift z∗ is high enough so that the standard initial conditions can be applied,
WX(z) is the window function related to the redshift distribution of observables, jℓ are the
Bessel function, r(z) is the comoving distance, and X˜ (k, z) is the Fourier transform of the
three-dimensional field X (nˆr(z), z). We bin the galaxies in several photometric redshifts and
write the transfer function of GC and WL respectively as,
IGiℓ (k) = b
2D
i
∫ z∗
0
dzWGi(z)jℓ[kr(z)]δ(k, z), (3.4)
Iκiℓ (k) =
∫ z∗
0
dzWκi(z)jℓ[kr(z)](Ψ + Φ), (3.5)
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where b2Di is the galaxy linear bias in the i-th tomographic redshift bin, δ(k, z) is the den-
sity contrast transfer function, and WGi(z) is the normalized selection function for the i-th
tomographic redshift bin given by
WGi(z) =
NGi(z)
N i
, (3.6)
NGi(z) =
1
2
NG(z)
[
erfc
(
zi−1 − z√
2σ(z)
)
− erfc
(
zi − z√
2σ(z)
)]
, (3.7)
where erfc is the complementary error function, N i is the total number of galaxies in the i-th
tomographic redshift bin, and NG(z) is the angular number density of galaxies per redshift.
We assume a Gaussian distribution of source galaxies around the mean redshift zi with the
photometric redshift scatter of σ(z) = ∆z(1 + z). In eq. (3.5), Wκi(z) denotes the window
function for the i-th tomographic redshift bin of sheared galaxies given by
Wκi(z) =
∫
∞
z
dz′
r(z′)− r(z)
r(z)
WSi(z
′), (3.8)
where WSi(z) is the normalized redshift distribution. WL depends on both µ and γ, since
both of them affect the lensing potential Φ+Ψ. GC probes the growth of structure and thus
depends primarily on µ. GC also depends on γ via the magnification bias [47, 48].
Cosmic microwave background (CMB) depends on Σ through the Integrated Sachs-
Wolfe (ISW) effect
IISWℓ (k) =
∫ z∗
0
dze−τ(z)jℓ[kr(z)]
∂
∂z
[Ψ + Φ], (3.9)
where τ(z) is the opaqueness function. Here we do not take into account the CMB lensing
effect.
We consider the cross-power spectra among WL, GC and CMB. The cross correlation
of WL with GC, i.e., galaxy-galaxy lensing not only increases the statistical accuracy but
is also important to eliminate the systematic uncertainty due to the galaxy bias. We also
include the angular cross-power spectra of CMB with WL and GC generated via the ISW
effect. If we divide the photometric galaxies into M bins for GC and N bins for WL, the
total number of the angular power spectra obtained from CMB, WL, GC and their cross
correlations becomes 3+M(M +1)/2+N(N +1)/2+M +N +MN . We assume that CMB
polarization is not correlated with WL and GC measurements.
Galaxy redshift surveys provide information about the 3-dimensional distribution of
galaxies and the peculiar velocities through RSD. We use the information from galaxy power
spectra in the redshift-space (3D) observed from the spectroscopic surveys
P obsg (k, c, z) = Pgg(k, z) + 2c
2PgΘ(k, z) + c
4PΘΘ(k, z), (3.10)
where c is the cosine of the angle between k and the line of sight, Pgg is the true galaxy power
spectrum, and PΘΘ is the power spectrum of the normalized peculiar velocity Θ ≡ θ/aH, and
PgΘ is the galaxy-velocity cross spectrum. We forecast the constraints on MG by calculating
the angular power spectra and the matter power spectra using MGCAMB [27, 49, 50].
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3.2 Fisher analysis
In order to estimate the uncertainty in each parameter, we perform the Fisher analysis (see
[27, 40] for details). According to the Crame´r-Rao inequality, the inverse of the Fisher matrix
gives the lower bound on the variance in a given parameter pi as 1/Fii (other parameters
fixed) or F−1ii (other parameters marginalised over),
F 2Dab = fsky
ℓmax∑
ℓ=ℓmin
2ℓ+ 1
2
Tr
(
∂Cℓ
∂pa
C˜−1ℓ
∂Cℓ
∂pb
C˜−1ℓ
)
, (3.11)
where pa is the a-th parameter and C˜ℓ is the covariance matrix of the angular power spectra
containing the noise [51]. The range of ℓ is determined as ℓmin ≃ π/(2fsky), assuming the
observed sky is contiguous, and ℓmax = 2000 to exclude the non-linear regime [52]. Varying
µ or γ at a certain scale k mainly affects Cℓ with the corresponding angular scale ℓ = kr(z),
where r(z) is the comoving distance. The elements of C˜ℓ are given by
C˜XYℓ = C
XY
ℓ +N
XY
ℓ , (3.12)
where X and Y denote GC or WL at some tomographic redshift bin. Eq. (3.11) can be
rewritten as
F 2Dab = fsky
ℓmax∑
ℓ=ℓmin
(2ℓ+ 1)
∑
ij
∑
mn
∂C
XiXj
ℓ
∂pa
C−1ℓ
∂CXmXnℓ
∂pb
, (3.13)
and the elements of the covariance matrix are
Cij,mnℓ = C˜XiXmℓ C˜
XjXn
ℓ + C˜
XiXn
ℓ C˜
XjXm
ℓ . (3.14)
We only consider the statistical errors of the GC and WL auto correlations at same tomo-
graphic redshift bins
N
κiκj
ℓ = δij
γ2int
nigal
, (3.15)
N
GiGj
ℓ = δij
1
nigal
, (3.16)
N
κiGj
ℓ = 0, (3.17)
where nigal is the angular number density per steradian in the i-th tomographic redshift
bin and γint is the intrinsic ellipticity of galaxies. We numerically compute the derivatives
∂CXYℓ /∂pa using MGCAMB by slightly shifting each parameter from its fiducial value. For
simplicity, we neglect various observational systematics such as photometric redshift errors
and shape measurement error. See ref. [40] for a study of the influence of these systematics.
The fraction of the contiguous sky area fsky depends on the measurement X(nˆ) and also on
the assumed surveys.
The Fisher matrix for the galaxy power spectra in the redshift-space is given by [53],
F 3Dab =
∑
i
∫ kmax
0
k2dk
2(2π)2
∫ 1
−1
dcVeff (k, c, zi)
∂ lnP obsg (k, c, zi)
∂pa
∂ lnP obsg (k, c, zi)
∂pb
, (3.18)
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where kmax is set to be 0.35[h/Mpc] and Veff(k, c, zi) is the effective volume in each spectro-
scopic redshift bin given by
Veff(k, c, zi) =
[
ni3DP
obs
g (k, c, zi)
ni3DP
obs
g (k, c, zi) + 1
]2
Vsurvey(zi), (3.19)
Vsurvey(zi) =
4π
3
fsky[r(zi +∆z/2)
3 − r(zi −∆z/2)3], (3.20)
and ni3D is the number density of the galaxies in each spectroscopic redshift bin. The numbers
densities of the galaxies in the spectroscopic redshift bins are listed in table 1. We do not take
into account the covariance between different spectroscopic redshift bins. We use a simple
Kaiser formula to describe the galaxy power spectra Pgg, the peculiar velocity power spectra
PgΘ, and the galaxy-velocity cross spectra in the redshift-space PΘΘ:
Pgg(k, z) = (b
3D
i )
2Pδδ(k, z), (3.21)
PΘΘ(k, z) = f
2Pδδ(k, z), (3.22)
PgΘ(k, z) =
√
PggPΘΘ, (3.23)
where b3Di is the galaxy linear bias in the i-th spectroscopic redshift bin, independent of
b2Di in eq. (3.4), f ≡ d lnD/d ln a is the logarithmic derivative of the growth factor, and
Pδδ is the matter power spectrum. We assume that the effect of γ on the growth of matter
is negligibly small, ∂P obsg /∂γ = 0. Here we treat 2D and 3D measurements independently
and simply sum up their Fisher values. Actually, there is correlation between the 2D and
3D measurements when they cover the same area. As discussed in Subsection 2.5 in [54],
such correlation depends on k and decreases as the number of independent modes in the
radial direction increase. Therefore, rather than using only the radial mode information
from the 3D spectra, we are using all of the information including the transverse modes, as
it is negligible compared to the 2D. The correlation can be quantitatively estimated using
numerical simulations, however, the detailed analysis is left for future works.
3.3 Experiments
As in [27], we assumed CMB data from the three lowest frequency HFI channels of Planck
with fsky = 0.8. We also assume tomographic galaxy catalogues and WL data from a Euclid-
like [46] survey, as well as spectroscopic galaxy catalogues from a Euclid-like (0.65 ≤ z ≤ 2.05)
and from BOSS-like (0.35 ≤ z ≤ 0.65) [55] surveys. The redshift distribution of photometric
galaxies in the tomography survey is given by
NG(z) ∝ z2 exp (−(z/z0)3/2), (3.24)
where z0 = zmean/1.412 is the peak of NG(z) and we assume that the median redshift is
zmean = 0.9, the surface galaxy number density is ngal = 30 per arcmin
2, and the covered
region of the sky is 15,000 square degrees for both BOSS-like 2 and the Euclid-like survey
[46]. We use the photometric redshift error ∆z = 0.05, and the intrinsic galaxy shear γint =
0.22. We choose to have 8 tomographic redshift bins for WL and GC, with the widths
2Note that the parameters we use for BOSS-like survey are different from those used in the actual BOSS
survey, where the planed sky coverage is ∼ 10, 000deg2 and the redshift distribution of CMASS sample is
given in figure 4 in [56]. Our choice of the number density is based on the BOSS project paper [57].
– 8 –
Survey BOSS-like Euclid-like
z 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2
n(z)[10−3(h/Mpc)3] 0.3 0.3 0.3 1.25 1.92 1.83 1.68 1.51 1.35
Survey Euclid-like
z 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
n(z)[10−3(h/Mpc)3] 1.20 1.00 0.80 0.58 0.38 0.35 0.21 0.11
Table 1. Redshift survey parameters considered in this paper. Mean redshift of and the average
galaxy number densities in each spectroscopic bins assumed for BOSS-like2 and Euclid-like surveys.
parameter Ωbh
2 Ωch
2 h τ ns 10
9As
CMB 1.4×10−4 1.4×10−3 6.4×10−1 4.6×10−3 3.7×10−3 2.0×10−2
CMB+WL 1.0×10−4 3.0×10−4 1.4×10−1 4.2×10−3 2.3×10−3 1.7×10−2
CMB+GC 9.8×10−5 4.1×10−4 1.8×10−1 4.3×10−3 2.0×10−3 1.8×10−2
CMB+WL+GC 9.8×10−5 2.9×10−4 1.3×10−1 3.9×10−3 1.5×10−3 1.6×10−2
CMB+3D 9.1×10−5 3.5×10−4 1.8×10−1 2.6×10−3 2.3×10−3 1.2×10−2
2D 9.7×10−5 2.5×10−4 1.1×10−1 3.2×10−3 1.5×10−3 1.3×10−2
2D+3D 8.3×10−5 2.0×10−4 6.2×10−2 2.0×10−3 1.2×10−3 7.4×10−3
2D+3D (MG) 9.0×10−5 2.3×10−4 7.4×10−2 2.7×10−3 1.6×10−3 1.1×10−2
Table 2. The forecasted 1σ uncertainties in the cosmological parameters expected from CMB (Planck)
only and its combined with WL, GC and 3D information respectively. 2D means all information
obtained by combining CMB, WL, and GC auto- and cross-power spectra. MG means the results
after marginalizing over the MG parameters, i.e. µ and γ. Galaxy bias parameters in GC and 3D
measurements are marginalized over for all of the results.
of the bins being wider at higher z as the photometric redshift error increases, i.e. zi =
(0.2, 0.45, 0.75, 1.1, 1.5, 1.95, 2.45, 3.1). Table 1 lists the galaxy number densities ni3D for the
BOSS-like and Euclid-like galaxy redshift surveys used in our forecast. The number of
parameters for bias Nb is 8(2D) + 17(3D).
4 Results
In this section we show the results of the principal component analysis of µ, γ and Σ from 2D
measurements (CMB, WL and GC auto- and cross-spectra) combined with 3D measurements
of the galaxy redshift-space power spectra. We particularly focus on how the 3D information
improves the constraints on the eigenmodes of µ, γ and Σ.
First we investigate the degeneracy of MG parameters with 6 cosmological parameters
and the bias parameters. Table 2 lists the forecasted uncertainties in the cosmological param-
eters from the combinations of the various observations. 3 The cosmological parameters are
constrained mainly by CMB data, while large-scale structure measurements significantly im-
prove the accuracy of Ωch
2 and h because they are sensitive to Ωc. When adding µ(k, z) and
γ(k, z) as free parameters, the marginalized constraints on cosmological parameters weaken
by up to 50% mainly due to the strong degeneracy between the amplitude As and the MG
3We checked that our forecasts for the constraints on the cosmological parameters from CMB are consistent
with the result of [58]. Note that the actual constraints on the cosmological parameters from Planck [45] are
worse, because the polarization data has not been included in the Planck analysis yet, but it is included in
our forecast.
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Figure 1. The upper panels show the uncertainties in the amplitudes of the principal components
(eigenmodes) of µ (red circles), γ (blue triangles) and Σ (black squares) from 2D+3D information.
The number of principal components is ordered from small to large σ. For comparison, the lines
shows the corresponding errors obtained from the 2D information only. The lower panel shows the
ratio of errors for the eigenmodes with the same order number, which indicates the extent to which
the eigenmodes are better constrained by adding the 3D information. Cosmological parameters and
the galaxy bias parameters are marginalized over.
parameters: the change of the initial fluctuation amplitude can be compensated by the overall
change of µ. We also find that the error on bias parameters in tomographic and spectroscopic
bins increases only by about 10% after adding MG parameters. The degeneracy of the galaxy
bias with MG parameters is small because we use the linear bias that does not depend on
scale and almost all the well-constrained eigenmodes in figure 2 are oscillating along k-axis.
Degeneracies between the cosmological parameters and different sets of MG parameters have
been studied in detail in [59].
The upper panel of figure 1 shows the forecasted errors on amplitudes of principal
components (eigenmodes) in the ascending order of σ, i.e. the eigenmodes are ordered from
best constrained to worst. The lines represent the errors on eigenmodes of µ, γ and Σ from
2D only, while symbols represent the corresponding errors from a combination of 2D with
3D. In all cases, the covariance matrix is estimated by taking the inverse of a (2mn + 6 +
Nb) × (2mn + 6 +Nb) Fisher matrix, but the eigenmodes and eigenvalues are estimated by
separately diagonalizing the mn×mn covariance submatrices associated with µ and γ. The
covariance matrix of Σ is calculated by using eq. (2.15). The lower panel of figure 1 represents
the ratio of the errors of eigenmodes with the same principal component number between
2D and 2D+3D. We find that adding 3D reduces the errors of µ and γ by a factor between
3 and 10.
Note that the plots in figure 1 just compare the eigenvalues with and without 3D
information. They do not provide any information about the amplitude of the corresponding
modes in modified gravity theories. For example, for some of these theories, departure from
the fiducial value of Σ (and hence the amplitude of the oscillating modes) is small. The
Fisher matrices for parameters in specific MG models can be calculated by projecting errors
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on the parameters from principal components without regenerating the Fisher matrix from
scratch [39, 40]. This projection was done for a one-parameter model of µ(k, a) and γ(k, a)
which gives a good approximations for f(R) theories in quasi-static limits in Ref. [40] using
only 2D information. We leave detailed studies of the effects of adding 3D information on
constraining parameters in specific MG models for future work.
Note that we used different redshift ranges for 2D only and 2D+3D measurements:
0.8 ≤ z ≤ 3.0 for 2D only and 0.4 ≤ z ≤ 2.8 for 2D+3D. Here we consider the spectroscopic
samples where galaxies populate at the redshift from 0.4 to 2 and then MG parameters are
strongly degenerate outside this redshift range. Accordingly, the number of z-bins changes
from n = 11 (2D) to n = 12 (2D+3D) with the binning width fixed to be 0.2 in redshift.
Even though the maximum redshift for 2D+3D is smaller than that for 2D only, the result is
insensitive to the maximum redshift because the number of observed galaxies at high redshift
is small. A quantitative study on the effect of varying µ and γ at high-z is left for future
work. A significant result of adding the 3D information is that the number of eigenmodes
with σ < 1 increases from 40 to 123 for µ, from 11 to 81 for γ and from 110 to 140 for Σ
after adding the 3D information. This improvement comes from the additional information
in the radial modes provided by the 3D data. For Σ, eigenmodes are primarily constrained
from WL observables and thus the improvement from adding the 3D information is relatively
small.
Figure 2 shows the first 16 principal component modes (eigenmodes) with small uncer-
tainties for µ, γ and Σ, from top to bottom, in 2D (left) and 2D+3D (right). Each mini-panel
describes wi (eq. (2.14)) in the (k, z) space (colours represent the amplitude). As shown in
[40], if only the 2D measurements are used, the best constrained eigenmodes show oscilla-
tions in k, while new z-oscillation modes appear after each dozen or so k-oscillation modes.
This indicates that the scale dependence of µ and γ is much better constrained than the z-
dependence. This is because the departure of µ from unity at a certain zi affects the clustering
at all lower z and thus the degeneracy along z-axis becomes strong. Also, the WL kernel for
a given angular moment ℓ receives contributions from k and z over a relatively wide range,
and directly probes Σ rather than µ and γ individually. This results in an additional loss of
sensitivity to the dependence of µ on z. On the other hand, when the 3D measurements are
added, each eigenmode becomes sensitive to µ at a certain k because the departure of µ from
unity at a certain scale k affects the 3D galaxy power spectrum only at the corresponding
scale in the linear approximation. This is the reason why the eigenmodes of µ after adding
the 3D measurements have peaks around a certain k. Some of the eigenmodes of γ (e.g. the
7-th, 9-th and 12-th) are also sensitive to specific scales, but the other eigenmodes still show
oscillations in k because γ is constrained by both the angular power spectra and the galaxy
power spectra. On the other hand, Σ is mainly determined by the 2D measurements thus
their eigenmodes do not change much even if we add the 3D information.
5 Degeneracies between µ and γ
In order to understand the cause of the degeneracy between µ and γ, and how the 3D
information resolves it, we consider the simplest case where the MG parameters consist of
just 2 parameters µ and γ at some specific k and z and neglect the correlation with other k
and z. We also ignore the degeneracy with other parameters, such as ΩM and the bias, here
for simplicity.
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Figure 2. Eigenmodes of µ, γ, and Σ from top to bottom. The left panels show the eigenmodes
calculated from the 2D information (WL×GC×CMB) and the right panels are those from the 2D+3D
information.
First we consider the 2D measurements only. From the relation between the lensing
potential and the matter perturbation, eq. (2.10),
CWLℓ ∝ [µ(1 + γ)/2]2, (5.1)
and the derivatives of the angular power spectra with respect to µ and γ are given by
∂CWLℓ
∂µ
∝ µ(1 + γ)2/2, (5.2)
∂CWLℓ
∂γ
∝ µ2(1 + γ)/2. (5.3)
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Figure 3. Left and right panels show the values of F˜µµ and Fγγ representing the inverse of the
variance of µ and Σ (see eqs. (5.8) and (5.9)), respectively, at different k and z.
Therefore, the response of µ and γ to the angular power spectra of WL has the following
relation:
∂CWLℓ
∂µ
=
(1 + γ)
µ
∂CWLℓ
∂γ
= 2
∂CWLℓ
∂γ
, (5.4)
where we used the fiducial values of µ and γ, µ = γ = 1. Thus the Fisher information
given by WL has the relation of FWLµµ = 4F
WL
γγ , and, thereby, the parameters of µ and
γ are completely degenerate with each other. Note that the lensing potential has addi-
tional µ-dependence through the growth of the density perturbation δ but this additional
µ-dependence is weak and also this does not change the fact that µ and γ are completely
degenerate in WL measurements. We found that the dominant contribution of the 2D mea-
surements comes from WL auto-correlations and cross-correlations between WL and GC
through magnification bias effects and this is the origin of the degeneracy between µ and γ
when only the 2D measurements are used.
Assuming that µ and γ are maximally correlated, i.e., F 2Dµγ =
√
F 2Dµµ F
2D
γγ ∼ 2F 2Dγγ , we
find that the total Fisher matrix from 2D measurements can be approximated as
F =
(
F 2Dγγ F
2D
γµ
F 2Dµγ F
2D
µµ
)
=
(
F 2Dγγ 2F
2D
γγ
2F 2Dγγ 4F
2D
γγ + F˜
2D
µµ
)
, (5.5)
where F˜ 2Dµµ ≡ F 2Dµµ −4F 2Dγγ . As the value of F˜ 2Dµµ is smaller, the degeneracy between µ and γ is
larger. The determinant of the Fisher matrix becomes detF = F 2Dγγ F˜
2D
µµ , and the covariance
matrix is given by
C = F−1 =
(
4(F˜ 2Dµµ )
−1 + (F 2Dγγ )
−1 −2(F˜ 2Dµµ )−1
−2(F˜ 2Dµµ )−1 (F˜ 2Dµµ )−1
)
. (5.6)
The variances of µ and γ are respectively given in terms of F˜ 2Dµµ and F
2D
γγ as
Cγγ = 4(F˜
2D
µµ )
−1 + (F 2Dγγ )
−1, (5.7)
Cµµ = (F˜
2D
µµ )
−1, (5.8)
and, from eq. (2.15), the variance of Σ is given by
CΣΣ = (4F
2D
γγ )
−1. (5.9)
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Figure 4. The contributions of CMB, WL and GC (in the order from top to bottom) auto correlations
to F˜ 2Dµµ (left panels) and F
2D
γγ (right panels).
From eqs. (5.8) and (5.9), F˜ 2Dµµ and F
2D
γγ represent the inverse of covariance of µ and Σ
respectively. From eq. (5.7), we find that both the values of F˜ 2Dµµ and F
2D
γγ have to be larger
than unity to constrain γ well.
However, it is difficult to obtain large F˜ 2Dµµ and F
2D
γγ simultaneously at any redshifts from
2D measurements only. Figure 3 shows the values of F˜ 2Dµµ and F
2D
γγ at each k and z. The
value of F˜ 2Dµµ is larger at higher redshifts because a change of µ at high z affects the growth
of structure at all lower z. On the other hand, F 2Dγγ has large values at low redshifts (z
<∼ 1)
because WL is only sensitive to the change of γ between the source galaxies and the observer.
Such differences in redshift ranges where µ and γ can be sensitively probed make it difficult
to reduce the degeneracy between µ and γ at all redshifts. Furthermore, the constraints on
– 14 –
Figure 5. Fisher matrix of µ from the 3D galaxy power spectra F 3Dµµ (eq. (3.18)).
µ from 2D measurements are much weaker (F˜ 2Dµµ is smaller) compared to the constraints on
Σ, and thus the constraints on µ and γ become weak.
Figure 4 shows the contribution of each 2D measurement, i.e., CMB, WL, and GC
to F˜ 2Dµµ (left) and F
2D
γγ (right). Cross-correlations among different measurements are not
included in this figure. We can see that the main contribution to F˜ 2Dµµ comes from GC, while
the main contribution to F 2Dγγ comes from WL, which is as expected. The ISW effect in CMB
affects FCMBγγ at small k and low z. From figure 4, we find the contribution of ISW is smaller
than other contributions, because the ISW effect appears on large scales where the number of
modes, given by 2ℓ+1, is smaller. Moreover we can assume that F˜CMBµµ is zero. Thus, CMB
is not directly constraining the modified gravity parameters. However, it helps to reduce the
degeneracies between cosmological parameters and the MG parameters, thus tightening the
constraints on MG parameters after marginalizing over cosmological parameters [59]. The
contribution of WL to F˜WLµµ is non-zero because the number distribution of source galaxies
is changed by µ at high-k. FGCγγ in figure 4 comes from the magnification bias effects. The
reason that F 2Dγγ ≫ FCMBγγ + FWLγγ + FGCγγ is that the cross correlations, especially WL×GC
(galaxy-galaxy lensing) are powerful tools for deriving information from weak lensing.
Next we see how the situation changes by adding in the 3D information. We denote
the Fisher information of µ and γ from 3D as F 3Dµµ and F
3D
γγ , respectively, and we assume
F 3Dγγ = 0. The determinant of the Fisher matrix and the variances of µ and γ are given by
detF = (F˜ 2Dµµ + F
3D
µµ )F
2D
γγ , (5.10)
Cγγ = 4(F˜
2D
µµ + F
3D
µµ )
−1 + (F 2Dγγ )
−1, (5.11)
Cµµ = (F˜
2D
µµ + F
3D
µµ )
−1. (5.12)
One can see that F 3Dµµ plays the same role as F˜
2D
µµ in reducing the degeneracy between µ and
γ because the correlation coefficient becomes
Cγµ√
CγγCµµ
= −
(
1 +
F˜ 2Dµµ
4F 2Dγγ
)−1/2
(2D only),
= −
(
1 +
F˜ 2Dµµ + F
3D
µµ
4F 2Dγγ
)−1/2
(2D + 3D). (5.13)
– 15 –
Figure 6. The correlation coefficient eq. (5.13) in (k, z) space by using only 2D only (left) and 2D+3D
(right)
Figure 5 shows that F 3Dµµ is much larger than F˜
2D
µµ in the left panel of figure 3. Therefore,
the 3D information of the galaxy power spectra significantly improves the constraints on the
parameters of µ and γ and reduce the degeneracy between µ and γ. Figure 6 shows the
correlation coefficient between µ and γ with and without the 3D information. The correlation
coefficient is almost unity at z < 2, meaning that µ and γ have perfect degeneracy. However,
the parameter space for the maximal degeneracy gets narrowed down to z . 1.5 when the
3D information is added in. The reason for this degeneracy at z . 1.5 is that the signal of
the weak lensing dominates here. However, we find that the degeneracy between µ and γ
becomes weaker by adding the 3D information. Quantitatively, it results in a factor between
3 and 10 reduction of the errors over the redshift range that galaxy spectroscopic survey
covers.
Note that, in principle the 3D information is not independent of GC, thus the correlation
needs to be taken into account when combining them. But we ignore the correlation here
since F 3Dµµ ≫ F˜ 2Dµµ as seen from figure 5 and the left panel of figure 3.
6 Summary and Conclusions
We performed a principal component analysis (PCA) to forecast the ability of future observa-
tions to measure departures from GR in Poisson, anisotropy and lensing potential equations
parametrized by µ(k, z), γ(k, z) and Σ(k, z), respectively, in a model-independent way. We
found that the galaxy power spectra in the redshift-space is a powerful tool for constraining
µ and γ. Combining galaxy redshift surveys like BOSS and Euclid surveys with weak lensing
tomography decreases the error on principal component modes by a factor between 3 and
10, and increases the number of informative modes approximately by a factor of 3 for µ and
by 7 for γ. Such a gain in constraining MG parameters mainly comes from the fact that
redshift-space distortion measurements from galaxy redshift surveys are a powerful tool to
constrain µ and reduce the degeneracy between µ and γ, while lensing only constrains their
combinations. Further, as shown in table 2, we find that the constraints on parameters of the
modified gravity remain strong even if we take into account the uncertainty of cosmological
parameters, because CMB measurements strongly constrain the cosmological parameters.
Our analysis neglects various systematic errors. For lensing, these include possible shifts
of the centroids and the dispersion of photo z-bins photometric redshift error, and the shape
measurement error (see appendix in [40] for details). We also adopt a linear Kaiser formula
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to describe the redshift-space galaxy power spectra. More accurate formulae using Pδθ and
velocity auto spectrum Pθθ are proposed by [60–62]. We neglect various non-linear effects on
the galaxy clustering in redshift space. Nonlinearity in galaxy biasing should be important
at small scales and increases the uncertainty in measuring µ. Nonlinear redshift distortion
effect, i.e., Finger-of-God effects, generates systematic uncertainties in the measurements of
RSD [63]. Cross-correlation measurements with WL decreases the uncertainty of FoG effect
by measuring the off-centering of satellite galaxies [64]. Such improvements in the theoretical
modeling are left for future work.
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A Combined modes
In the main text, we showed the eigenmodes obtained by diagonalizing independently the
covariance matrix for µ, γ or Σ. We can instead obtain the eigenmodes in the whole (µ, γ)
or (µ,Σ) parameter space. In other words, we can diagonalize the 2mn × 2mn covariance
matrix which contains µ, (γ or Σ) and cross-covariance of the two parameters. We call the
eigenmodes obtained in this way the (µ, γ) or (µ,Σ) combined modes. We also call the part
of the combined eigenmode associated with µ (γ or Σ) the µ (γ or Σ) surface.
Adding the information of the galaxy power spectra in the redshift-space increases the
numbers of eigenmodes of the (µ, γ) and (µ,Σ) combined modes with σ < 1 from 141 to 237
and from 152 to 265, respectively. In the following, we show the result after adding the 3D
information. Figure 7 shows the error of the (µ, γ) or (µ,Σ) combined modes, and figure 8
shows the combined modes.
From figure 8, we find that the µ-surfaces and the Σ-surfaces of the (µ,Σ) combined
modes are almost independent. In other words, when one of the surfaces has nodes, i.e. the re-
gions that are constrained better, the other surface is hardly constrained. The reason is that µ
and Σ are individually constrained from the galaxy distribution and the weak lensing respec-
tively as we expect from eqs. (5.9) and (5.12). Moreover, the best-constrained eigenmode is
the eigenmode constraining Σ, because max [4F 2Dγγ (k.z)] > max [F˜
2D
µµ (k, z) + F
3D
µµ (k, z)]. The
eigenmode that has a distinct node on the µ-surface appears in the 14th (µ,Σ) combined
eigenmode because from figure 7 the error on the best-constrained eigenmode of µ is larger
than the error on the 13th eigenmode of Σ and smaller than the error on the 14th eigenmodes
of Σ.
On the other hand, the µ-surfaces and γ-surfaces of the (µ, γ) combined modes have the
same shapes and they have similar shapes to the eigenmodes of Σ up to the 16th eigenmodes.
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Figure 7. The error of the eigenmodes calculated from 2D and 3D. The triangle dots with the lines
are the same as figure 1. The magenta square dots and the cyan circle dots are the error on the
(µ, γ) and (µ,Σ) combined modes respectively. The mini-figure show the results enlarged where the
principle component number is smaller.
Figure 8. The parameter-surfaces of the combined modes. The left panel show the eigenmodes of
the (µ, γ) combined modes and the right panel show the eigenmodes of the (µ,Σ) combined mode.
This is because Σ is expressed as a combination of µ and γ, and the constraints from the weak
lensing is the strongest. The error on the best-constrained (µ, γ) combined mode is smaller
than that of the (µ,Σ) combined modes because there is a degree of freedom in dividing the
deviation of weak lensing measurements from ΛCDM into µ and γ, and µ at low-z, where
we gain the most information from weak lensing, is constrained only weakly by the galaxy
distribution.
Moreover the shape of (µ, γ) combined eigenmodes is a mixture of the µ and Σ eigen-
modes. For example, the elongated feature in z-direction at k = 0.2− 0.3 clearly seen in the
16 or 17th mode comes from the first eigenmode of µ (see the top-right panel in figure 2). This
can be understood from the minipanel of figure 7 because the error of the best-constrained
mode of µ is nearly equal to the error of the 17th (µ, γ) combined mode.
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